Characterization of even directed graphs  by Seymour, Paul & Thomassen, Carsten
JOURNAL OF COMBIKATORIAL THEORY, Series B 42, 36115 (1987) 
Characterization of Even Directed Graphs 
PAUL SEYMOUR* 
Bell Corporations Research, 
435 South Street, 
Morristown, New Jersey 07960 
AND 
CARSTEN TKOMASSEN 
Mathematrcal institute, 
Technical Unitiersity of Denmark, 
Building 303, DK-2800 Lyngby, Denmark 
Communicated by the Editors 
Received November 1, 1984 
We present a precise characterization of the digraphs D with the property that 
any subdivision of D contains a cycle of even length. 
A digraph D is even if and only if any subdivision of D contains a cycle 
of even length or, equivalently, whenever the arcs of D are assigned weights 
(0 or l), then D contains a cycle of even total weight. Even digraphs are of 
interest in connection with sign-nonsingular matrices (or L-matrices) and 
have been studied in [5,9]. Even cycles also occur in hypergraph 
problems [6]. If x is a vertex in a digraph D, then splitting x means that we 
replace x by two vertices xi, x2 and an arc x,x2 such that all arcs 
dominating (respectively dominated by) .X in D dominate xi (resp. are 
dominated by x2) in the resulting digraph. The k-double-cycle C,* is the 
symmetric digraph associated with the undirected cycle C,. A weak k- 
double-cycle is obtained from C,* by possibly splitting some or all vertices 
up and possibly subdividing arcs as indicated in Fig. 1. It is easy to see that 
a weak odd double-cycle (i.e., a weak k-double-cycle for some odd k) is 
even because it has an odd number of cycles and every arc is in an even 
* This work was done while P. Seymour was Visiting Professor at The Technical University 
of Denmark in August 1984. 
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FIG. 1. The 7-double-cycle and a weak 7-double-cycle. 
number of distinct cycles. In an early version of [9] it was conjectured that 
a digraph is even if and only if it contains a weak odd double-cycle. In this 
paper we prove that conjecture. We also show that, from an algorithmic 
point of view, the problem of finding a weak odd double-cycle in an 
arbitrary digraph is equivalent with that of finding an even cycle. (When 
weights are assigned to the arcs of a digraph an even cycle means a cycle of 
even weight. Otherwise it means a cycle of even length.) Clearly, the 
problems of finding a cycle of even weight, respectively even length, are 
equivalent from an algorithmic point of view. We note that the problems of 
finding a subdivision of a double-cycle, respectively an odd double-cycle, 
respectively a 3-double-cycle, are all NP-complete. We shall need the 
following result on weak 3-double-cycles [S]. 
THEOREM 1 .l. Jf D is a digraph such that D - v has a cycle for each 
vertex v ef D, then either D has two disjoint cycles or D contains a weak 
3-double-cycle. 
2. TERMINOLOGY AND PRELIMINARIES 
Our terminology is standard as in Cl]. It is well known that the subsets 
of a given set E may be regarded as a vector space over GF(2) where the 
sum of two subsets (which is called the module 2 sum) is the symmetric dif- 
ference between the sets. If G is an undirected multigraph and we let E 
denote its edge set, then the cycle space of G is the subspace of the above 
vector space generated by the cycles of G. Note that a cycle has no 
repetition of vertices or edges. When we speak of a cycle in a digraph D we 
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always mean a directed cycle. The cycle space of D is the cycle space of the 
underlying undirected multigraph. A set of (directed) cycles of D which are 
a basis of the cycle space of D will be called a directed cycle basis of D. 
Sometimes we shall not distinguish between a cycle and its arc set. Thus if 
S, and S, are cycles, S, + S, will denote the modulo 2 sum of the arc sets 
of S, and S,. 
PROPOSITION 2.1. Any strong digraph D has a directed cycle basis g. 
Moreover, tf A is an arc set such that D-A is strong, then %? can be chosen 
such that each arc of A is in precisely one cycle of %?. 
Proof There exists a sequence HO, HI,..., H, of subdigraphs of D such 
that H, is a cycle, H, = D and for each i = 1, 2,..., m, Hi is obtained from 
H 1-I by adding a path Pi (or cycle) from some vertex of Him-, to a another 
(or the same) vertex of Hi-, . Since Hi-, is strong ,FI,- I contains a path Pi 
such that Pi u Pi= Si is a cycle. Now it is easy to see that, for each 
i=l ,..., m, H,, S, ,..., Si is a cycle basis of H, so HO, S,, S, ,..., S, is the 
desired basis. If D -A is strong we choose the sequence H,, H, ,..., H, such 
that D -A = H, for some k and, for k + 1 d id m, P, consists of a single 
arc of A and Pi is contained in D-A. 
We shall also need the following result on undirected multigraphs. We 
say that a multigraph G is minimally 2-edge-connected if G is connected 
and, for each edge e of 6, G-e is connected but has a bridge. 
hMMA 2.2. Let G be a minimally 2-edge-connected multigraph on n 
vertices. Then 
(a) each block of G is minimally 2-edge-connected; 
(b) each multiple edge of G (zf any) has two edges and constitutes a 
block; and 
(c) if G is 2-connected and all vertices of G have even degree, then G 
has at least &n + 1 vertices of degree 2. 
Proof (a) and (b) are easy exercises. We prove (c) by induction on n. If 
n < 5, then G is a cycle and (c) holds so assume n 3 6. For any edge e,, 
G - e, has a bridge e2, i.e., G - {e, , e2} has precisely two connected com- 
ponents G, and G2, say. 
Let n, denote the number of vertices of Gi for i = 1,2. We consider first 
the case where e, and e, can be chosen such that n, > 2 for i= 1,2. Let Gi 
denote the graph obtained from G by contracting GsPi into a single vertex 
for i = 1, 2. It is easy to see that Cl is 2-connected and minimally 2-edge- 
connected for i= 1, 2 so, by the induction hypothesis, G: has at least 
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~(Pz~ + 1) + 1 vertices of degree 2 for i = 1,2. Then G has at least $(~i + 1) + 
t(n2 + 1) = $z + 1 vertices of degree 2. 
So we can assume that e, and e2 cannot be chosen such that ni>2 for 
i = 1,2. This means that each edge of G is incident with a vertex of 
degree 2. If k denotes the number of vertices of degree 2, then G has at least 
4(n -k) edges (counting from the vertices of degree at least 4) and at most 
2k edges (counting from the vertices of degree 2) and hence 
4(n-k)<2k 
which proves (c). 
A digraph D is Eulerian if each vertex has the same indegree and out- 
degree. Clearly, D is Eulerian if and only if D is the union of a collection of 
arc-disjoint cycles and possibly some isolated vertices. Since each arc of an 
Eulerian digraph D is in a cycle it follows easily that D is strong provided 
that the underlying undirected graph of D is connected. In other words, the 
strong components of an Eulerian digraph coincide with the connected 
components of the underlying undirected graph. We shall need the 
following: 
LEMMA 2.3. If D is a strong Eulerian digraph, then D has a cycle with 
arc set A such that D-A is a strong digraph together with a (possibly 
empty) set of isolated vertices. 
ProoJ: Among all cycles of D we choose one (with arc set A, say) such 
that we maximize the number of vertices in some strong component D’ of 
D -A. If D -A has another strong component D” containing arcs, then D” 
is Eulerian and has therefore a cycle. Any such cycle contradicts the 
maximality property of D’. 
3. CYCLE BASES AND EVEN CYCLES 
In this section we use cycle bases to investigate even cycles. We begin 
with an observation of Lehman [4]. For the sake of completeness we 
include its proof. 
PROPOSITION 3.1. Let A be a finite set and .F a family of nonempty sub- 
sets of A which are closed under symmetric difference in the sense that the 
modulo 2 sum of any odd number of members of F is also in 9”. Then any 
minimal set T intersecting all members of F has odd intersection with each 
member of F. 
Proqfi Assume (reductio ad absurdurn) that S, is in g and that 
40 SEYMOUR Ai'iD THOMASSEN 
Son T= {x,, x2 ,..., x,}, m even. For each in { 1, 2 ,..., m} there is an S, in 
9 such that Tn Sj= (xi> (by the minimality of T). By assumption, the 
modulo 2 sum of S,, S, ,..., S, is in 9 but it does not intersect 7’, a con- 
tradiction. 
PROPOSITION 3.2. Let A be a finite set and %? a family of subsets of A. 
Then precisely one of the two statements (i) and (ii) holds: 
(i) There exists a subset T of A such that T A S is odd for each S in $7. 
(ii) There are sets S,, S, ,..., S, in Q?, where k is odd, such that 
S, + S, + ‘. $ S, = @ (mod 2). 
ProoJ Let B be the family of subsets obtained from V by taking all 
modulo 2 sums with an odd number of summands all from %‘. If @ is a 
member of 9 then (ii) holds. Otherwise, A and @ satisfy the assumption 
of Proposition 3.1 and any minimal set intersecting all members of 9 can 
play the role of Tin (i). So either (i) or (ii) holds. It is easy to see that not 
both (i) and (ii) hold. 
PROPOSITION 3.3. If D is a strong digraph and V is any directed cycle 
basis of D, then the arcs of D can be weighted such that all cycles of (8 are 
odd. 
Prooj We let A denote the arc set of D and observe that (ii) in 
Proposition 3.2 cannot hold. Hence (i) holds if all arcs in T have weight 1 
and all other arcs weight zero, then all cycles of %Y are odd. 
PROPOSITIOK 3.4. If D is a weighted strong digraph and %? a directed 
cycle basis consisting of odd cycles, then the following statements are 
equivalent 
(a) D is even, 
(b) D has an even cycle, 
(c) D has a cycle which is a module 2 sum with an even number of 
summands all ,from %?, 
(d) D contains cycles S,,..., S, such that m is odd and 
S,+S2+...+Sm=(ZI (mod2). 
ProoJ Clearly (a) ==s (b). If C is an even cycle of D, then we can write 
C=S,+S,+...+S, (mod2), 
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where each Si is in %Y. Since each Si is odd, k must be even. Hence 
(b) + (c). Clearly (c) + (d). Assume now that 
s,+s,+.. .+S,=@ (mod2) 
(where m is odd). Then, for each arc weighting of D, one of the cycles 
S1 ,..., S, must be even. Hence (d) 3 (a). 
THEOREM 3.5. There exists a polynomially bounded algorithm for findifig 
an even cycle in a digraph if and only if the property of being an even digraph 
can be decided in polynomial time. 
Proof: First, suppose that the existence of an even cycle in a digraph 
can be tested in polynomial time and let D be any strong digraph. We 
select a directed cycle basis %? in D and assign weights to the arcs of D such 
that all cycles in %? are odd. This can be done by Proposition 3.3. If we 
choose the directed cycle basis as in Proposition 2.1 we can obtain V and 
the arc weights in polynomial time. By Proposition 3.4, D has an even cycle 
if and only if D is even. 
Suppose conversely that there exists a polynomially bounded algorithm 
for deciding whether or not a digraph is even and let D be any strong 
digraph in which we want to find an even cycle. As above we select a 
directed cycle basis G+?. If one of the cycles of %7 is even we have finished. On 
the other hand, if all cycles in V are odd, we apply the algorithm for 
deciding whether or not D is even and apply Proposition 3.4. 
4. CHARACTERIZATION OF EVEN DICRAPHS 
THEOREM 4.1. A digraph D is even if and only if it contains a weak odd 
double-cycle. 
ProoJ: We prove the theorem by contradiction. We assume that D is a 
counterexample with the smallest number of vertices and we derive a num- 
ber of properties of D which finally lead to a contradicton. Since a digraph 
is even if and only if one of its strong components is even we can assume 
that 
(1) D is strong and has at least four vertices. 
The last assertion follows from the fact that CT is the smallest even 
digraph. We next claim that 
(2) D is 2-connected. 
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Proof: Suppose (2) is false, i.e., D has a vertex z such that D -z con- 
sists of two disjoint digraphs D, and D, and possibly some arcs from D, to 
D,. Let D’, (resp. D;) denote the digraph obtained from D - V(D,) 
(resp. D - I’( Dl )) by adding all arcs xz (resp. zy) for each arc xy from D 1 
to D,. We claim that either D’, or 0; is even. For otherwise, we assign 
weights to the arcs of 0; and 0; so that there are no even cycles. For each 
arc xy from D, to D,, D has a cycle through xy. We let C,, denote any 
such cycle and observe that C, must contain z. We assign a ~weight to xy 
such that C,, is odd. Now we have assigned weights to all arcs of D and, 
since D is even, there must be an even cycle C in the resulting weighted D. 
By the above assumption, C cannot be in D, or D, and hence C must con- 
tain z and precisely one arc xy from D, to D,. Both C and C, contain a 
path from z to x and a path from y to z and since C and C,, have different 
parity we can assume that the paths in C and C, from y to i have different 
parity. But this means that 0; has cycles through zy of different parity, 
contradicting that above assumption that 0; has no even cycle. 
So we can assume that 0; or 0; (say D;) is even. By the minimality of 
D, 0; contains a weak odd double-cycle, say D’. If D’ is in D, we have 
finished. Otherwise D’ contains one or two arcs of the form xz which is not 
in D,. Then D contains an arc xy where y is in D, and we let Pv, denote a 
(directed) path in 0; from y to z. If D’ also contains an arc x’z where 
x’ #x, then D contains an arc x’y’ and a path P-,sz from y’ to P,; in 0; . 
Now (D’-{xz))uP,,u{xy) or (D’-{xz,x’z})uPyzuPy~~u{xy,x’y’} 
is a weak odd double-cycle. This contradiction proves (2). 
(3) If E is a set of arcs of D such that D-E is strong, then D has a 
cycle containing E. 
Pro@ By Proposition 2.1, D has a directed cycle basis V such that each 
arc of E is in precisely one cycle of V. By Proposition 3.3, the arcs of D can 
be weighted such that each cycle in %? is odd. Since D is even this produces 
an even cycle S, which can be expressed as 
S,=S,+S,+.~.+S, (mod2)! 
where each Si is a cycle in (67’. Since S, is even and each Si, 1 d i < k, is odd, 
k must be even. Let D’ be the digraph which is the union of S,, Sr,..., Sk. 
By Proposition 3.4, D’ is even. It follows from the minimality of D that, if 
D’ is a proper subdigraph of D, then D’ contains a weak odd double-cycle. 
But this is a contradiction and hence D = D’ = Uk=, Si. Now each e in E is 
in at most one of the cycles Si, S2,..., S, and hence e is also in S,. So S, 
contains E and (3) is proved. 
(4) All vertices of D have indegree 2 and outdegree 2. In particular, 
D is Eulerian. 
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ProoJ: By (2), all vertices have indegree and outdegree at least 2. If 
some vertex has indegree or outdegree at least 3, then D has three arcs 
e, , e,, e3 which all enter or leave the same vertex z. Since D is 2-connected, 
D - z is strong and then also D - {e,, e,} is strong. Applying (3) to 
E={e . 1, e2) gives a cycle through e, and e2. But this is impossible since e, 
and e2 both enter or leave z. This contradiction proves (4). 
Since D is Eulerian, by (4), D has, by (2) and Lemma 2.3 a cycle with 
arc set A such that D -A is strong. For such a cycle we have 
(5) If A is the arc set of a cycle in D such that D -A is strong, then 
each block of the underlying undirected graph G of D-A is minimally 
2-edge-connected. 
Proof: Let e be any arc of D - A. If D - (A u {e}) is strong, then D has 
a cycle through A u (e}, by (3). But no cycle contains a cycle as a proper 
subdigraph so D - (A u {e>) is not strong. This means that D - (A u (e}) 
consists of two disjoint digraphs D, and D2 and possibly some arcs from 
D, to D,. Since D is Eulerian also D-A is Eulerian and hence in D-A, 
the number of arcs from D, to D, equals the number of arcs from D, to 
D, . Furthermore, this number is greater than zero since D - A is strong. So 
e goes from D2 to D1 and hence D - A has precisely one arc from D 1 to 
D,. This arc is a bridge in G - e. So G is minimally 2-edge-connected and, 
by Lemma 2.2, each block of G is minimally 2-edge-connected. 
(6) If D has no cycle of length 2, then D has a cycle S of length at 
most (n + 1)/2 with arc set A such that the underlying undirected graph of 
D-A is 2-connected. 
Proof: Since D is 2-connected we can assume, by Theorem 1.1, that D 
has two disjoint cycles. In particular, D has a cycle of length at most n/2. 
Among all cycles of length at most (n + 1)/2 we choose one, say S, with arc 
set A such that 
(i) we maximize the number of vertices in a block B of the underly- 
ing graph G of D -A and 
(ii) subject to (i) we maximize the number of vertices in the com- 
ponent of G containing B. 
Note that G has no isolated vertices because of (4). Since D - A is Eulerian 
we conclude as in the proof of Lemma 2.3 that G is connected. 
If G = B we have finished so assume that G has an endblock E’ distinct 
from B. B’ considered as a digraph is Eulerian and has therefore a cycle 
with arc set A’ say. This cycle has length at most (n + 1)/2 because of the 
maximality of B. Since G is connected, D -A is strong and hence, by (5), 
B is minimally 2-edge-connected. Since D has no 2-cycle, we can apply 
Lemma 2.2~) to B and conclude that B has at least three vertices of 
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degree 2. (If B has at most 4 vertices, B is a cycle.) Any vertex of degree 2 
in B is either in S or in a block of G distinct from B. Since D is 2-connec- 
ted, S contains a vertex of each endblock and since B has at least three ver- 
tices of degree 2 it follows that G has a path P which connects two vertices 
of S and contains at least two vertices of B and no vertex of B’. Then 
B u P u S is 2-connected and contained in a block of the underlying graph 
of D-A’. This contradicts the maximality property of S described in (i) 
and hence B = G which proves (6). 
(7) D has a cycle of length 2. 
Proof: If D has no cycle of length 2, we consider a cycle S satisfying (6). 
By the remark preceding Lemma 2.3, S also satisfies the assumption of (5) 
and hence, by (5), the underlying undirected graph G of D - A is minimally 
2-edge-connected. By Lemma 2.2(c), G has at least f~ + 1 vertices of 
degree 2. Any such vertex must be in S but S has at most (n + 1)/2 vertices. 
This contradiction proves (7). 
(8) D is a double-cycle. 
Proof: By (7) D has a 2-cycle S with arc set A. Since D is 2-connected 
and Eulerian, D -A is strong and the underlying undirected graph G of 
D-A has at most two endblocks, i.e., the block-cutvertex graph of G is a 
path. By (5) each block of G is minimally 2-edge-connected and since a 
block contains at most 2 cutvertices of G it has, by (4), at most two ver- 
tices of degree 2 (in the block). By Lemma 2.2 each block of G is a 2-cycle 
which proves (8). 
Our initial assumption of the proof of Theorem 4.1 says that D is even 
and contains no weak odd double-cycle. By (S), D is a double-cycle and 
hence D has an even number of vertices. But then it is easy to assign 
weights to the arcs such that no even cycle occurs. This contradiction 
finally proves the theorem. 
Theorem 4.1 and Proposition 3.4 imply 
CORQLLARY 4.2. If D is a strong digraph containing a directed cycle 
basis consisting of odd cycles, then D has an even cycle fund only if0 has a 
weak odd double-cycle. 
We also get the following result of Manber and Shao [S]. 
COROLLARY 4.3. A digraph D is even if and only if D has cc closed walk 
which can be regarded as the union of an odd number of cycles and as the 
union of an even number of cycles. (In a walk there may be repetitions of arcs 
and when we speak of “union” in Corollary 4.3 we count multiplicities.) 
Proof. If D has a closed odd walk as described above, then D satisfies 
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condition (d) in Proposition 3.4 and hence D is even. Conversely, a weak 
odd double-cycle clearly has a closed walk as described in Corollary 4.3. 
Fortune et al [2] showed that it is NP-complete to find a cycle through 
two prescribed vertices in a digraph. In [3, 71 it was observed that this can 
be used to prove that it is NP-complete to find an even cycle through a 
prescribed arc in a digraph. We conclude by observing that each of the 
problems below is NP-complete. 
(Pi) Does the digraph D contain a subdivision of a double-cycle. 
(P2) Does D contain a subdivision of an odd double-cycle. 
(P3) Does D contain a subdivision of a 3-double-cycle. 
For suppose that D' is a digraph with two prescribed vertices x, y through 
which we want to find a cycle. Now we split each vertex distinct from x 
and y. Finally we add a new vertex z and the arcs xz, zx, yz, zy. We denote 
the resulting digraph by D. Now D' contains a cycle through x and y if and 
only if Pi has an affirmative answer (for i= 1, 2, 3). However, it is open 
question whether or not there exists a polynomially bounded algorithm for 
finding a weak odd double-cycle or, equivalently, for deciding whether or 
not a strong digraph D can be arc-weighted such that there is no even 
cycle. It is worth noting that if D has such a weighting, then we can 
describe it in polynomial time as in the proof of Theorem 3.5. 
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